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Abstract

Molecular docking predicts the bound geometry of a ligand in a protein binding site. SigmaDock,
a state-of-the-art re-docking model, uses score-based Riemannian diffusion over rigid fragments
in SE(3) and selects one pose from multiple generated candidates [21]. In our reproduction,
a single candidate succeeds in only 24.1% of cases, while ranking 40 candidates raises success
to 64.5%. This motivates a quality-quantity trade-off: at fixed inference compute, can slightly
weaker individual samples be offset by generating more candidates?

SigmaDock itself offers little room for this exchange, since reducing inference to 5 integration
steps lowers success to 0.6% per sample and 6.5% after ranking. We therefore replace diffusion
with Riemannian flow matching, using geodesic paths with time-independent conditional veloci-
ties. The resulting models, SigmaFlow-NE and SigmaFlow-TR1, differ only in their translational
and rotational readout. Both remain effective at 5 integration steps. With a fixed budget of
one thousand network evaluations, 200 5-step samples achieve Top-1 success rates of 72.3%
and 70.4% on PoseBusters, and 87.1% and 92.9% on Astex, compared with 68.1% and 65.2%,
and 81.2% and 82.4%, respectively, for 40 25-step samples. Reallocating inference compute
towards more low-step samples therefore improves performance and significantly outperforms
our reproduced SigmaDock baseline.

The gain is associated with a broader generated distribution. SigmaFlow produces more
structurally distinct candidate poses and places less mass in its dominant structural mode,
allowing additional sampling to remain useful for longer. The generated distribution also
contains uncertainty information: the fraction of candidates in the largest structural cluster
predicts final success with ROC-AUC 0.74-0.79 across the tested configurations. Finally, a
cluster oracle that identifies a structural mode containing a successful pose improves Top-1 by
10-13 percentage points and nearly exhausts the full pose oracle. The remaining recoverable
ranking error therefore lies primarily in selecting between competing binding modes rather than
ranking poses within the correct mode.

1Code: https://github.com/jmuelleo/SigmaFlow

https://github.com/jmuelleo/SigmaFlow
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Chapter 1

Introduction

1.1 Docking as a generative problem

Molecular docking predicts where a small molecule, the ligand, binds to a protein and in what
orientation and internal conformation. Classical docking treats this as optimisation, searching
the pose space for the minimum of an approximate binding score. This is difficult because the
score is only a surrogate for the underlying interactions, conformational search is costly, and a
ranked list of poses gives no probability distribution from which uncertainty can be read.

A generative model instead learns a distribution over plausible binding configurations conditioned
on the protein, ligand and binding pocket, so that docking becomes sampling from

pdata = p(pose | protein, ligand, binding pocket), (1.1)

with different samples representing alternative hypotheses. DiffDock demonstrated diffusion-
based generative docking at scale and motivated models adapted to the geometry of molecular
pose space [6].

For a rigid fragment, a pose consists of a translation and a rotation, hence an element of
the special Euclidean group SE(3). Decomposing a flexible ligand into N rigid fragments
leads to SE(3)N . SigmaDock combines this representation with an equivariant network and
Riemannian diffusion [21]. Its final prediction, however, is selected from multiple generated
candidates. Performance therefore depends on both the quality of each draw and the set of
alternatives available to the ranker.

This creates a computational trade-off. At fixed network evaluations, compute can be spent
on more integration steps per candidate or on more candidates. The latter is useful only if
low-step sampling remains reliable. Flow matching is attractive because its probability path can
be chosen directly, allowing us to prescribe simple transport paths that should remain easy to
integrate with few steps [9, 13]. In protein backbone generation, replacing SE(3) diffusion [26]
with flow matching has already enabled effective sampling with substantially fewer integration
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steps [25].

SigmaFlow tests the corresponding hypothesis for docking. It replaces SigmaDock’s diffu-
sion dynamics with Riemannian flow matching while retaining its fragment representation, data
pipeline and, as far as possible, its architecture. If useful samples survive coarser integration,
the saved network evaluations can instead enlarge the candidate pool and potentially improve
the final ranked prediction at fixed compute.

1.2 Research question and scope

Flow matching learns a velocity field directly by regression, and its Riemannian extension carries
the construction to manifolds [3, 13]. Unlike diffusion, it gives direct control over the transport
path. For docking this leads to the central question of the thesis:

Diffusion-based docking allocates substantial inference compute to the quality of each
individual sample, while final performance depends critically on selection among
multiple candidates. This thesis asks whether Riemannian flow matching enables a
different allocation through shorter integration and larger candidate sets.

The design principle is minimal intervention. SigmaFlow-NE replaces SigmaDock’s diffusion
process with Riemannian flow matching while retaining its Newton-Euler readout, isolating
the change in generative mechanism. SigmaFlow-TR then replaces that shared readout with
separate translation and rotation heads, testing an alternative architectural choice.

The remainder of this thesis is organised as follows. Chapter 2 defines the rigid-fragment
state on SE(3)N , introduces only the rotational geometry needed for SigmaDock and develops
its score-based diffusion baseline. Chapter 3 builds conditional flow matching first in Euclidean
space and then on SO(3), leading to SigmaFlow’s paths and training objective. These two
chapters are intentionally self-contained, their aim is to make the models readable without prior
background in differential geometry, diffusion or flow matching, while avoiding machinery that
is not used later. Chapters 4 and 5 give the two implementations. Chapter 6 studies integration
cost, candidate count and docking performance, Chapter 7 analyses the generated distributions
and ranking failures, and Chapter 8 discusses the conclusions and limitations.

The experimental comparison is controlled rather than a full reproduction of SigmaDock’s
published training. All three models use the same leaner training regime and are evaluated on
PoseBusters version 2 [2] and the Astex Diverse Set [8].

2



Chapter 2

Rigid-Fragment Docking and the
SigmaDock Baseline

Chapter 1 posed docking as conditional generation on a fragment state space. SigmaDock
represents each rigid fragment by one translation and one rotation. The translational factor
behaves like an ordinary Euclidean diffusion model, while rotations require additional geometry.

This chapter develops the model in that order. Translation first introduces noising, scores
and reverse generation without differential geometry. The rotational section then adds only
the objects needed later: relative rotations, geodesic motion, uniform rotational noise and
rotational scores. Finally both factors are combined with the inherited EquiformerV2 backbone
and Newton-Euler readout. The aim is a self-contained route to the mathematics used by
SigmaDock and SigmaFlow rather than a general treatment of Lie groups or Riemannian
geometry.

2.1 Rigid fragments and the generative state

Let a ligand contain Na atoms. A pose assigns a position in R3 to each atom, but generating all
3Na coordinates directly ignores substantial chemical structure. Bond lengths and bond angles
fluctuate comparatively little, whereas much of a ligand’s conformational flexibility comes from
rotation about torsional bonds. SigmaDock exploits this by decomposing the ligand into N

rigid fragments and treating the internal geometry of each fragment as fixed at a precomputed
conformer [21]. Figure 2.1 illustrates the resulting representation. Once a fragment is treated
as rigid, placing it requires only two choices: its centre p ∈ R3 and its orientation R ∈ SO(3).
If x̃1, . . . , x̃nF denote the fixed atom positions in a coordinate frame attached to fragment F ,
their global positions are

xi = Rx̃i + p. (2.1)

The pair (R, p) is an element of the special Euclidean group

SE(3) =
{︁
(R, p) : R ∈ SO(3), p ∈ R3}︁, (R2, p2) ◦ (R1, p1) = (R2R1, R2p1 + p2). (2.2)
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(a) (b)

Figure 2.1: Ligand 82V from PDB entry 7USH. Left: 26 heavy atoms, hence 78 Cartesian coordinates.
Right: severing two bonds (dashed) yields three rigid fragments, so D = 18.

For generation it is useful to think of the state more simply as one translation and one rotation
per fragment,

z =
(︁
(p1, R1), . . . , (pN , RN )

)︁
, M = SE(3)N ∼=

(︁
R3)︁N × SO(3)N , dimM = 6N. (2.3)

Torsional flexibility then appears through the relative placement of neighbouring fragments
rather than explicit torsion variables.

This introduces more formal degrees of freedom than a torsional model but simplifies the
geometry of learning. Changing one torsion moves every atom downstream and therefore
induces coupled, non-local Cartesian displacements. Disjoint rigid fragments instead admit a
factorised product structure, formalised by SigmaDock as follows:

Theorem 2.1 (21, Theorem 1). For standard molecular topologies, torsional models define
nonlinear mappings from torsion angles to Cartesian coordinates, producing highly entangled,
non-product induced measures. In contrast, disjoint rigid fragments yield a factorised product of
Haar measures on SE(3)N .

Two ingredients limit the cost of this representation. SigmaDock stochastically merges compat-
ible neighbouring fragments, and cross-fragment distance features preserve bond-length and
bond-angle information across severed bonds without fixing the corresponding dihedral [21].
Thus the fragments are independent coordinates of the generative state but not chemically
independent network inputs. Figure 2.2 visualises the empirical distribution of fragment counts
on the evaluation sets and gives a median of four fragments, corresponding to 24 generated
degrees of freedom. The main geometric difficulty is therefore not dimension alone, but that
three of the six degrees of freedom per fragment are rotational and lie on SO(3).
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Figure 2.2: Number of rigid fragments each ligand is cut into, on PoseBusters (left, n = 308) and
Astex (right, n = 85), with the resulting state dimension D = 6N on the upper axis and the cumulative
share on the right. Both panels share the same horizontal range: Astex contains no ligand beyond eight
fragments, where PoseBusters reaches fourteen.

Conventions: Translations are measured relative to the pocket centroid. Each fragment is
centred at its atom centroid and inherits axes from the input conformer, so RF = I retains that
conformer’s orientation. These axes are only a coordinate convention, replacing x̃F by R0x̃F

and RF by RF R−1
0 leaves all Cartesian atom positions unchanged. This gauge freedom matters

for the readout in Section 2.5. Finally, although SE(3) is a semidirect product, SigmaDock
uses a direct-product geometry and noises translations and rotations independently. SigmaFlow
inherits this choice.

2.2 SigmaDock on translations: why learn a score?

Before treating rotations, consider only the fragment centres. Let Pt denote their random state
at time t, with a realisation pt = (pt,1, . . . , pt,N ) ∈ RN×3. On this factor, SigmaDock is an
ordinary score-based diffusion model: it gradually corrupts a crystallographic pose with noise
and learns how to reverse this process.

For translation, SigmaDock uses a variance-preserving process. Conditional on clean centres
P0 = p0, the state at time t has the Gaussian form

pt = αtp0 + σtϵ, ϵ ∼ N (0, I), σ2
t = 1− α2

t , (2.4)

where

αt = exp
(︃
−1

2

∫︂ t

0
βs ds

)︃
, βt = βmin + t(βmax − βmin), βmin = 0.1, βmax = 20. (2.5)

As αt decreases, less of the crystallographic position remains and more Gaussian noise is present
[21].
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The same noising process can equivalently be described dynamically by

dPt = −1
2βtPt dt +

√︁
βt dWt. (2.6)

The first term contracts the current state, while the Brownian increment dWt injects Gaussian
noise. It can be shown that this SDE has exactly the transition law in (2.4) [21, 24].

Generation requires reversing this process. Write qt for the density of Pt. The reverse dynamics
can be obtained from the known forward dynamics if one also knows the score

st(p) = ∇p log qt(p). (2.7)

The following theorem makes precise why SigmaDock needs to learn this quantity.

Theorem 2.2 (Reverse-time SDE: Adapted from 24, Sections 3.1-3.2). Suppose the forward
process has the Euclidean form

dPt = f(Pt, t) dt + g(t) dWt (2.8)

and has density qt. Under the regularity conditions required for time reversal, the same family
of marginal densities is traversed backwards from T to 0 by

dPt =
[︂
f(Pt, t)− g(t)2∇p log qt(Pt)

]︂
dt + g(t) dW t, dt < 0. (2.9)

For (2.6),
f(p, t) = −1

2βtp, g(t) =
√︁

βt.

Both are fixed by the forward process. The only unknown term in the reverse drift is therefore
∇p log qt(p). Learning this score at every noise level specifies the reverse dynamics and allows a
numerical SDE solver to transport samples from noise back towards the data distribution.

The marginal density qt cannot be evaluated directly. The transition conditional on a clean
training example is known, however. From (2.4),

qt|0(pt | p0) = N
(︂
pt; αtp0, σ2

t I
)︂

, (2.10)

so its score is obtained by differentiating the Gaussian log-density with respect to the noisy
state pt,

∇pt log qt|0(pt | p0) = −pt − αtp0
σ2

t

= − ϵ

σt
. (2.11)

This conditional score is available exactly from the sampled training example and noise.
Denoising score matching shows that regressing against it recovers the inaccessible marginal
score.

Theorem 2.3 (Denoising Score Matching: Adapted from 24, Section 3.3). For any positive
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weighting function w(t), the minimiser of

Et∼U [0,T ], P0∼pdata, Pt∼qt|0(·|P0)

[︃
w(t)

⃦⃦⃦
sp

θ(Pt, t)−∇Pt log qt|0(Pt | P0)
⃦⃦⃦2
]︃

(2.12)

is the marginal score st(p) = ∇p log qt(p), up to sets of measure zero, provided the relevant
expectations exist and the model class can represent the optimum.

Together, Theorems 2.2 and 2.3 explain the learning problem: the network is trained against
an accessible conditional score and thereby learns the marginal score needed to construct the
reverse drift.

For numerical conditioning, SigmaDock does not expose the raw scale 1/σt to its translational
network output. If ∆TF denotes the translation-like quantity produced by its rigid-body readout,
it forms

sp
θ = λR3(t) ∆TF , λR3(t) = 1

σt
. (2.13)

Thus the readout can remain on a comparable scale across noise levels while the known factor
λR3(t) restores the score scale.

For complete rigid fragments this construction must also act on rotations. The score-matching
principle is unchanged, but the geometry and noise process must respect SO(3). The presentation
below follows Solà et al. [23], with rotational diffusion as in De Bortoli et al. [7], Yim et al. [26]
and Prat et al. [21].

2.3 Extending SigmaDock from translations to rotations

A fragment orientation is represented by a rotation matrix

SO(3) =
{︁
R ∈ R3×3 : R⊤R = I, det R = 1

}︁
. (2.14)

Unlike R3, this set is not closed under addition or scalar multiplication. For example, (1 −
t)Ra + tRb generally leaves SO(3), as would adding Gaussian noise independently to the nine
matrix entries. Euclidean operations therefore need rotational counterparts.

Although SO(3) is curved globally, it is linear locally. The instantaneous velocities of smooth
curves through a rotation R form its three-dimensional tangent space TRSO(3). At the identity
I, this space consists exactly of the skew-symmetric matrices,

so(3) = TISO(3) =
{︁
A ∈ R3×3 : A⊤ = −A

}︁
, (2.15)
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Figure 2.3: Schematic illustration of the exponential and logarithmic maps. The shaded surface
represents a curved manifold rather than SO(3) itself. The solid curve is the shortest geodesic from Ra

to Rb, v = LogRa
(Rb) is its tangent displacement at Ra, and Rb = ExpRa

(v).

called the Lie algebra of SO(3). Each element can be identified with a vector ω ∈ R3 through
the hat map

ˆ︁ω =

⎛⎜⎜⎝
0 −ω3 ω2

ω3 0 −ω1

−ω2 ω1 0

⎞⎟⎟⎠ , ω ∈ R3, (2.16)

with inverse (·)∨ [23].

Moving between the manifold and a tangent space. The tangent space provides a linear
representation of local motion, while the rotations themselves remain on the manifold. The
exponential and logarithmic maps connect these two descriptions. On a Riemannian manifold
M,

ExpRa
: TRaM−→M (2.17)

maps a tangent vector v to the point reached by following the corresponding geodesic from Ra.
Conversely,

LogRa
:M−→ TRaM (2.18)

maps a point Rb to the tangent vector at Ra pointing along the shortest geodesic towards it.
Where this geodesic is unique,

Rb = ExpRa

(︁
LogRa

(Rb)
)︁
. (2.19)

Figure 2.3 visualises this. The Euclidean operation xb−xa produces a displacement in the same
ambient vector space. On a manifold, subtraction is replaced by LogRa

(Rb), which represents
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the displacement in the local tangent space TRaM. The map ExpRa
then returns such a tangent

displacement to the manifold [23].

The rotational substitutes for subtraction and addition. For Euclidean points, the
displacement from xa to xb satisfies

xa + (xb − xa) = xb. (2.20)

For rotations let ∆R denote the relative rotation that carries Ra to Rb:

Ra∆R = Rb =⇒ ∆R = R⊤
a Rb, (2.21)

where R−1
a = R⊤

a . Thus R⊤
a Rb is the relative rotation expressed in the coordinate convention

obtained by right-composing an update with Ra, that is multiplying Ra by it recovers Rb.

Applying the logarithmic map at the identity moves this relative rotation into the linear
tangent space,

Ω = Log
(︂
R⊤

a Rb

)︂
∈ TISO(3) = so(3). (2.22)

The matrix Ω gives the direction and magnitude of the shortest rotational motion from Ra to
Rb, expressed at the identity. Hence

xb − xa ←→ Log(R⊤
a Rb) (2.23)

is the correspondence between Euclidean and rotational displacement.

The inverse operation follows immediately:

Exp(Ω) = R⊤
a Rb,

Ra Exp(Ω) = Rb,
(2.24)

or
Rb = Ra Exp

(︂
Log(R⊤

a Rb)
)︂

. (2.25)

This is the rotational counterpart of xb = xa + (xb − xa).

On SO(3), the exponential map at the identity is the matrix exponential. For ˆ︁ω ∈ so(3),
Rodrigues’ formula gives

Exp(ˆ︁ω) = I + sin θ

θ
ˆ︁ω + 1− cos θ

θ2 ˆ︁ω2, θ = ∥ω∥, (2.26)

while for 0 < θ < π the logarithmic map is

Log(R) = θ

2 sin θ

(︁
R−R⊤)︁, θ = arccos

(︃tr R− 1
2

)︃
. (2.27)
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Thus Log converts a finite relative rotation into an element of TISO(3) = so(3), and Exp
converts it back into a valid relative rotation [21]. The corresponding tangent displacement at a
general base point Ra is obtained by left translation,

LogRa
(Rb) = Ra Log(R⊤

a Rb) ∈ TRaSO(3). (2.28)

This identity will connect in Chapter 3 the general Riemannian flow-matching notation Logx(y)
directly to the matrix expression used on SO(3) and will be explained there in more detail.

Under the standard bi-invariant metric, tangent vectors RA, RB ∈ TRSO(3) with A, B ∈ so(3)
have inner product

⟨RA, RB⟩R = 1
2 tr(A⊤B). (2.29)

Accordingly, define the induced norm on the Lie algebra by

∥A∥so(3) =
√︃

1
2 tr(A⊤A) = 1√

2
∥A∥F , A ∈ so(3). (2.30)

The corresponding norm of a tangent vector is

∥RA∥R = ∥A∥so(3). (2.31)

For A = ˆ︁ω, this convention gives ∥A∥so(3) = ∥ω∥2. Thus the geodesic distance between two
rotations is

dSO(3)(Ra, Rb) =
⃦⃦
Log(R⊤

a Rb)
⃦⃦
so(3) = θ ∈ [0, π], (2.32)

the angle of the smallest rotation connecting the two orientations [21, 23, 26].

These operations provide the geometry needed to compare and move between rotations. Sig-
maDock additionally requires a rotational counterpart of the Gaussian forward diffusion, a
process that progressively randomises an orientation without leaving SO(3).

2.3.1 From Gaussian noise to rotational diffusion

The translational construction of Section 2.2 followed three steps. A forward diffusion progres-
sively corrupted the clean state, reversing that diffusion required the score of its noisy marginal
distribution, and denoising score matching made this score learnable from known conditional
transition densities. SigmaDock applies the same principle to orientations. The difference is
geometric: both the forward noising process and the score must now respect SO(3).

For translations, Brownian motion produces Gaussian transition kernels and the forward process
approaches a Gaussian reference distribution. On SO(3), the corresponding forward process
is Brownian motion on the rotation group. Starting from a clean orientation R0, it produces
a random orientation Rt whose conditional transition density is the heat kernel on SO(3),
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commonly called the isotropic Gaussian

qt|0(Rt | R0) = IGSO(3)
(︁
Rt; R0, σ2

t

)︁
. (2.33)

The parameter σt controls how far the orientation has diffused from R0. Because the process is
intrinsic to the rotation group, every intermediate state remains a valid rotation [11, 26].

The limiting distribution of this forward process is the normalised Haar measure USO(3). It is
invariant under multiplication by any fixed rotation,

USO(3)(QA) = USO(3)(AQ) = USO(3)(A), Q ∈ SO(3), (2.34)

so no orientation or coordinate frame is preferred [5]. The Haar measure therefore represents a
uniform orientation distribution.

The intermediate transition densities describe how this information is lost. By isotropy, the
density of Rt conditional on R0 cannot depend on a preferred rotational axis. It therefore
depends only on their geodesic separation under the metric introduced above,

ωt = dSO(3)(R0, Rt) =
⃦⃦
Log(R⊤

0 Rt)
⃦⃦
so(3). (2.35)

Thus ωt ∈ [0, π] is the angle of the relative rotation R⊤
0 Rt. Relative to Haar measure, the

corresponding heat kernel has the spectral expansion

fσt(ωt) =
∞∑︂

ℓ=0
(2ℓ + 1)

sin
(︁
(ℓ + 1

2)ωt
)︁

sin(ωt/2) exp
(︂
−1

2ℓ(ℓ + 1)σ2
t

)︂
. (2.36)

For small σt, this density is concentrated near R0. As σt increases, it spreads over the group,
and in the limit σt →∞ all terms with ℓ ≥ 1 vanish so that fσt → 1, the Haar-uniform density
[21]. The forward rotational process can therefore be summarised as

R0
Brownian motion on SO(3)−−−−−−−−−−−−−−−−→ Rt ∼ IGSO(3)(R0, σ2

t ) −−−−→
σt→∞

USO(3). (2.37)

SigmaDock uses the rotational noise schedule

σt = log((1− t)eσmin + teσmax) , σmin = 0.1, σmax = 1.5. (2.38)

As t increases, the conditional kernels become progressively broader. Because the implemented
schedule terminates at the finite value σmax = 1.5 rather than at σt →∞, SigmaDock does not
reach exact Haar noise.

Generation now requires reversing this corruption process. The Euclidean reverse-time re-
sult of Theorem 2.2 has a direct Riemannian analogue. The time reversal of a diffusion on a
Riemannian manifold is again a diffusion, and its reverse drift depends on the Riemannian score
of the noisy marginal distribution.
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Theorem 2.4 (Time-reversed diffusion: Adapted from 7, Theorem 3.1). Let (Xt)t∈[0,T ] be a
diffusion on a Riemannian manifold M satisfying

dXt = b(Xt) dt + dBM
t , (2.39)

where BM
t is Brownian motion onM. Let P denote the path distribution of (Xt)t∈[0,T ] and Q that

of BM
t . Suppose that KL(P∥Q) <∞ and that each marginal distribution of Xt admits a smooth

positive density qt with respect to the Riemannian volume measure. Then the time-reversed
process ←−X t = XT −t is again a diffusion and satisfies

d←−X t =
[︂
−b(←−X t) +∇ log qT −t(

←−
X t)

]︂
dt + d←−B M

t , (2.40)

where ∇ denotes the Riemannian gradient.

For rotational diffusion, the unknown quantity required to reverse the forward process is
therefore the score of the noisy rotational marginal,

st(R) = ∇R log qt(R) ∈ TRSO(3). (2.41)

As in the Euclidean case, this marginal score cannot be evaluated directly. The forward process
does, however, provide the conditional transition density. For a clean orientation R0 and its
noisy version Rt,

qt|0(Rt | R0) = fσt(ωt), ωt =
⃦⃦⃦
Log(R⊤

0 Rt)
⃦⃦⃦
so(3)

. (2.42)

Since this IGSO(3) heat kernel is known, its conditional score

st|0(Rt | R0) = ∇Rt log qt|0(Rt | R0) = ∇Rt log fσt(ωt) (2.43)

is available as a training target. Riemannian denoising score matching provides the link between
this tractable conditional score and the unknown marginal score required by the reverse diffusion.

Theorem 2.5 (Riemannian denoising score matching: Adapted from 7, Section 3.4). For any
positive weighting function w(t), the minimiser of

Et∼U [0,T ], R0∼pdata, Rt∼qt|0(·|R0)

[︃
w(t)

⃦⃦⃦
sR

θ (Rt, t)−∇Rt log qt|0(Rt | R0)
⃦⃦⃦2

Rt

]︃
(2.44)

is the marginal Riemannian score

st(R) = ∇R log qt(R),

up to sets of measure zero, provided the relevant expectations exist and the model class can
represent the optimum.

The norm ∥ · ∥Rt in (2.44) is the tangent-space norm induced by the same bi-invariant metric.
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In particular, for a tangent vector RtA ∈ TRtSO(3),

∥RtA∥Rt = ∥A∥so(3). (2.45)

Thus the geodesic distance, the Riemannian gradient and the score-matching loss all use the
same underlying geometry.

Training therefore never evaluates qt itself. It samples Rt from the known IGSO(3) kernel
around R0 and regresses on its conditional score. Unlike the Gaussian case, the heat kernel and
its derivative use an infinite spectral series, so SigmaDock truncates and tabulates them before
training. These tables provide the rotational targets and noise-dependent score scaling.

2.4 SigmaDock on the full product space

The translational and rotational components can now be combined. Let

Zt = (Pt, Rt) ∈
(︁
R3)︁N × SO(3)N (2.46)

denote the random positions and orientations of all fragments, with realisation

zt = (pt, Rt). (2.47)

In SigmaDock, time runs from data to noise: t = 0 is the crystallographic pose, and increasing
t progressively randomises both components.

The forward process factorises across the two geometric components:

translation: Gaussian diffusion on R3N −→ N (0, I3N ),

rotation: Brownian diffusion on SO(3)N −→ U⊗N
SO(3).

(2.48)

In the infinite-noise limit, the stationary reference distribution is

q∞(z) = N (0, I3N )⊗ U⊗N
SO(3). (2.49)

The theoretical stationary law q∞ in (2.49) must be distinguished from the terminal law used
by the released SigmaDock implementation. Its rotational schedule ends at σmax = 1.5, so
the forward kernel at t = 1 is finite-noise IGSO(3) rather than exact Haar. The released
sample_ref routine samples from this t = 1 kernel, and the SigmaDock runs reproduced in this
thesis therefore start from that finite-noise rotational reference.

This completes the theoretical diffusion construction that SigmaFlow will modify. SigmaDock
defines a forward path from data towards a simple reference distribution and learns the score
required to reverse it. SigmaFlow instead specifies a transport path directly and learns the
velocity field that generates it.
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Ligand
N rigid fragments

bonds, torsions

Pocket
atoms, virtual nodes
residue type + ESM

State at t
Tt, Rt per fragment

time t

Graph G
6 node, 12 edge types

node and edge embedding
ℓ = 0, 128 channels, + t

edge frames, Wigner-D
SO(3) → SO(2) convolution

6× equivariant block
SO(2) attention, FFN, norm

head: layer norm → force block
keep the ℓ = 1 part only

EquiformerV2 ℓmax = 3, 6 layers, 4 heads

one vector per ligand atom
fi = − ϵθ(G, t)i ∈ R3

{fi}i∈F −→
{︃

FF → ∆TF → sp
θ
,

τF → I−1
F τF → ˆ︁R0 → sR

θ

Newton-Euler readout

Figure 2.4: Left: ligand, pocket and the diffused state at time t form a heterogeneous graph. Centre:
EquiformerV2 propagates features of degree ℓ ≤ 3. Right: the output block yields one equivariant ℓ = 1
vector per ligand atom, which the Newton-Euler readout converts into translational and rotational
quantities for each rigid fragment.

2.5 The inherited backbone and Newton-Euler readout

The model that learns to predict the score is an EquiformerV2 [12], augmented by SigmaDock
with virtual nodes and edges and structural-role-dependent molecular featurisation [21]. Sig-
maFlow inherits this backbone, so the discussion here focuses on its output and rigid-body
readout. A global rotation of the protein-ligand complex should rotate a predicted geometric
update by the same amount. EquiformerV2 enforces this through steerable features transforming
under irreducible representations of SO(3), with ℓ = 0 corresponding to scalars and ℓ = 1 to
vectors. The output block retains one ℓ = 1 feature per ligand atom,

fi ∈ R3, i = 1, . . . , Na. (2.50)

These vectors are not fragment scores but an intermediate equivariant field interpreted through
rigid-body mechanics.

This construction also avoids dependence on arbitrary local fragment axes. Rather than
predicting a rotation coordinate directly, SigmaDock adapts the equivariant Newton-Euler head
of Jin et al. [10], which constructs rigid-body updates independently of the arbitrary choice of
local fragment coordinates [21, Theorem 2].

For a fragment F with global atom coordinates ri and centroid cF , the field is reduced to a
total pseudo-force and pseudo-torque,

FF =
∑︂
i∈F

fi, τF =
∑︂
i∈F

(ri − cF )× fi. (2.51)
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Translation therefore uses the zeroth spatial moment of the field, while rotation uses its first
moment about the fragment centre. Since

∑︂
i∈F

(ri − cF ) = 0, (2.52)

a constant field can produce net force without torque, while a varying field whose vectors sum
to zero can produce torque without net force.

Assigning unit mass to every atom gives MF = |F | and inertia tensor

IF =
∑︂
i∈F

[︂
∥ri − cF ∥22I3 − (ri − cF )(ri − cF )⊤

]︂
, (2.53)

with small eigenvalues clamped before inversion. The rigid-body increments are

∆TF = FF

MF
, ωF = I−1

F τF . (2.54)

Thus ∆TF is the mean atom-wise vector, while ωF also depends on fragment geometry through
I−1

F . Since ri, τF and IF are expressed in global coordinates, ωF is a spatial-frame angular
quantity. This distinction becomes important for SigmaFlow in Section 3.5.

The translational output can be converted directly into the score through (2.13).The rotational
case requires an additional step because ωF is not itself the rotational score required by the
reverse SDE. Instead, SigmaDock interprets it as a denoising prediction from which an estimate
of the clean orientation is constructed,

ˆ︁R0 = Exp
(︁
λSO(3)(t)ˆ︁ωF

)︁
Rt, (2.55)

where λSO(3)(t) is the per-coordinate root-mean-square magnitude of the true conditional
rotational score at the current noise level, tabulated once before training. It is the rotational
counterpart of λR3(t) = 1/σt. The exponential map converts the scaled angular prediction into
a valid rotation, while left multiplication applies it as a spatial-frame update to the current
orientation Rt.

The estimated clean orientation ˆ︁R0 must then be converted into the score required by the reverse
diffusion. This is possible because the conditional IGSO(3) transition density is known. Its
density depends on Rt only through the geodesic distance from the estimated clean orientation,

ρ =
⃦⃦⃦
Log

(︁ ˆ︁R⊤
0 Rt

)︁⃦⃦⃦
so(3)

. (2.56)
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Hence the conditional log-density has the form log fσt(ρ). Applying the chain rule gives

∇Rt log fσt(ρ) = ∂

∂ρ
log fσt(ρ)∇Rtρ,

∇Rtρ = Rt
Log

(︁ ˆ︁R⊤
0 Rt

)︁
ρ

.

(2.57)

Combining the two therefore yields the rotational score prediction

sR
θ = Rt

Log
(︁ ˆ︁R⊤

0 Rt
)︁

ρ

∂

∂ρ
log fσt(ρ), ρ =

⃦⃦⃦
Log

(︁ ˆ︁R⊤
0 Rt

)︁⃦⃦⃦
so(3)

. (2.58)

Hence the rotational readout has two conceptually distinct stages. The learned Newton-Euler
head produces ωF and thereby an estimate ˆ︁R0 of the clean orientation. The known geometry of
the IGSO(3) diffusion then converts the displacement from ˆ︁R0 to Rt into the rotational score
required by the reverse SDE. This distinction is important for SigmaFlow, which predicts a
velocity directly and therefore does not require this score-conversion step.

The resulting SigmaDock objective combines the translational and rotational denoising score-
matching losses across all fragments,

LSigmaDock = Et,Z0,Zt

[︄
1
N

N∑︂
F =1

(︄
wpλR3(t)−2

⃦⃦⃦
sp

θ(Zt, t)−∇Pt log qt|0
(︁
Pt | P0

)︁⃦⃦⃦2

2

+ wRλSO(3)(t)−2
⃦⃦⃦
sR

θ (Zt, t)−∇Rt log qt|0
(︁
Rt | R0

)︁⃦⃦⃦2

F

)︄]︄
,

(2.59)

where

t ∼ U [0, 1], Z0 = (P0, R0) ∼ pdata, Zt = (Pt, Rt) ∼ qt|0(· | Z0), wp = 2, wR = 0.5. (2.60)

The time distribution, factor weights and averaging over fragments are retained by SigmaFlow
and therefore cannot explain performance differences between the two mechanisms.

2.6 Sampling, ranking and evaluation

The generative mechanism produces candidate poses, but selecting and evaluating them are
different problems. SigmaDock does not train a confidence model. Instead, independently
generated samples are ranked by a fixed heuristic. Let bi ∈ R be the Vinardo pseudo binding
energy [22] evaluated by GNINA [18], and let pi ∈ [0, 1] be the fraction of 5 selected PoseBusters
stereochemical checks passed by sample i: bond lengths, bond angles, tetrahedral chirality,
internal steric clash and minimum distance to the protein. SigmaDock ranks by

si = − bip
β
i , β = 4, (2.61)

with larger si preferred [21, App. F.2].
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Accuracy. An atom-indexed RMSD would penalise chemically identical relabellings, such
as interchanging symmetric atoms in a phenyl ring. The reported displacement is therefore
minimised over graph automorphisms,

RMSD(x̂, x) = min
π∈Aut(G)

⌜⃓⃓⎷ 1
Na

Na∑︂
i=1
∥x̂π(i) − xi∥22. (2.62)

This is the symmetry-corrected definition used by SigmaDock [19, 21].

Physical plausibility. PoseBusters is run in its redock configuration. Its checks cover
intrinsic ligand geometry, including bond lengths, bond angles, ring planarity, stereochemistry
and internal clashes, together with receptor-facing checks such as protein distance and volume
overlap [2]. The main success criterion is

RMSD < 2 Å and PoseBusters-valid. (2.63)

This conjunction matters because a pose can be close to the crystallographic coordinates while
being chemically impossible.

Conformer source. The fixed local fragment geometry can be extracted from the bound
crystal structure or from a newly generated conformer. Every principal result in this thesis uses
the generated conformer. This is the realistic setting for an unseen ligand, extracting fragment
orientations from the crystallographic pose would provide information that is unavailable at
deployment.

Benchmarks and reporting. The main test sets are PoseBusters version 2 (PB308) and
the Astex Diverse Set (AX85), matching the benchmarks reported by SigmaDock [21]. PB308
contains 308 complexes and provides a temporal split relative to the PDBBind training data.
AX85 contains 85 curated docking complexes [8].

For K generated poses per complex, three quantities are distinguished. The per-draw rate
estimates the probability that a single generated pose satisfies (2.63), Top-1 evaluates the pose
selected by a specified ranking rule and the oracle rate records whether at least one of the
K generated poses succeeds. The oracle therefore measures the quality of the generated set
independently of ranking, while Top-1 measures generation and selection together.
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Chapter 3

From Scores to Velocities:
Riemannian Flow Matching

SigmaDock and SigmaFlow act on the same fragment state space but learn different objects.
SigmaDock predicts a score field, the local gradient of a noisy log-density. SigmaFlow predicts
a velocity field, which moves an intermediate state under deterministic transport from a simple
source to the data distribution.

The distinction is not merely stochastic versus deterministic dynamics. Scores and veloci-
ties can parameterise the same probability path, SigmaFlow changes the path itself. This
chapter develops flow matching in Euclidean space and then extends it to rotations using only
the geometry from Section 2.3. The aim is to make explicit which theoretical changes SigmaFlow
introduces and why they may permit coarser numerical integration. The following presentation
follows Holderrieth and Erives [9].

3.1 Flow matching in Euclidean space

A flow model generates data by transporting a random initial point along an ordinary differential
equation. Let

X0 ∼ pinit (3.1)

be drawn from an easily sampled source distribution and let a time-dependent vector field ut

define
d
dt

Xt = ut(Xt). (3.2)

For any fixed initial state the ODE is deterministic, randomness enters only through X0. The
generative objective is to learn a field whose endpoint satisfies

X0 ∼ pinit =⇒ X1 ∼ pdata. (3.3)

A vector field can be read literally as a velocity map. At every time t and location x, ut(x) says
in which direction a particle at x should move and how quickly. If the learned field is correct,
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repeatedly following these local velocities transforms the simple source distribution into the
data distribution.

Time convention. This direction is opposite to SigmaDock’s forward diffusion. SigmaDock
assigns t = 0 to the clean crystallographic pose and increases t towards noise. Throughout flow
matching in this thesis,

t = 0 : source, t = 1 : data. (3.4)

3.2 Conditional paths and the marginal vector field

Flow matching begins not with the field itself but with a probability path. For a training example
z ∼ pdata, choose a family of conditional densities pt(· | z) satisfying

p0(· | z) = pinit, p1(· | z) = δz. (3.5)

Conditional on one particular target z, the path therefore evolves from the same source distri-
bution to a point mass on that example.

For each data point z ∈ Rd, let utarget
t (· | z) denote a conditional vector field. This is any vector

field whose ODE generates the conditional probability path pt(· | z), i.e. such that

X0 ∼ pinit,
d
dt

Xt = utarget
t (Xt | z) =⇒ Xt ∼ pt(· | z), 0 ≤ t ≤ 1. (3.6)

Such a conditional vector field can often be obtained analytically. The key result is that these
conditional paths and fields are sufficient to construct the marginal vector field required to
sample from pdata.

Theorem 3.1 (Marginalisation trick: 9, Theorem 9). Let utarget
t (x | z) be a conditional vector

field generating the conditional probability path pt(· | z). Define the marginal vector field by

utarget
t (x) =

∫︂
utarget

t (x | z) pt(x | z) pdata(z)
pt(x) dz. (3.7)

Then utarget
t generates the marginal probability path pt. Equivalently, if

X0 ∼ pinit,
d
dt

Xt = utarget
t (Xt), (3.8)

then
Xt ∼ pt, 0 ≤ t ≤ 1.

In particular, X1 ∼ pdata.

The value of the theorem is practical. Designing a transport between two full distributions
would be difficult. Designing a transport from a random source point towards one observed
training example is easy. If each conditional transport reaches its chosen training example, the
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marginalised field transports the complete source distribution to the complete data distribution.

3.3 Learning the field by conditional flow matching

The marginal field in (3.7) is exactly the field required for generation, but it contains the
unknown data distribution and thus cannot be evaluated directly. Were it available, one would
minimise

LFM(θ) = Et∼U [0,1], Xt∼pt

[︂⃦⃦
vθ(t, Xt)− utarget

t (Xt)
⃦⃦2]︂

. (3.9)

Flow matching avoids that intractable target. Training instead samples a data example z,
samples an intermediate state from its conditional path, and regresses onto the corresponding
conditional velocity,

LCFM(θ) = Et∼U [0,1], z∼pdata, Xt∼pt(·|z)
[︂⃦⃦

vθ(t, Xt)− utarget
t (Xt | z)

⃦⃦2]︂
. (3.10)

The central result of conditional flow matching is that this tractable loss has the same parameter
gradients as the marginal objective:

Theorem 3.2 (Conditional Flow Matching: 9, Theorem 12). The marginal and conditional
flow matching losses differ only by a constant independent of θ,

LFM(θ) = LCFM(θ) + C, (3.11)

and therefore
∇θLFM(θ) = ∇θLCFM(θ). (3.12)

For a sufficiently expressive model, the minimiser of LCFM is the marginal vector field utarget
t .

This is also what makes flow matching useful at scale. Training requires no ODE integration.
One samples a time, a data point and a conditional intermediate state, then evaluates an
ordinary regression loss. The differential equation appears only when generating a sample after
training.

For Euclidean data, a particularly elegant construction is obtained by drawing x0 ∼ pinit

and connecting it directly to a data point x1 by the straight-line trajectory

xt = (1− t)x0 + tx1. (3.13)

This trajectory implicitly defines a conditional probability path. Indeed, if X0 ∼ pinit and
Xt = (1 − t)X0 + tx1, then the distribution of Xt is, by definition, pt(· | x1). At t = 0 this
distribution is pinit, while at t = 1 every trajectory reaches x1, so that p1(· | x1) = δx1 . The
density of this path therefore need not be evaluated explicitly.

The conditional vector field is obtained directly from the velocity of these trajectories. Differen-
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tiating (3.13) with respect to time gives

utarget
t (xt | x1) = d

dt
xt = x1 − xt

1− t
= x1 − x0. (3.14)

SigmaFlow uses this construction for fragment translations. In contrast to the variance-
preserving diffusion path of SigmaDock, its conditional trajectories are straight and have
constant velocity. This motivates the hypothesis that the resulting transport can be integrated
accurately with fewer numerical steps, an empirical question tested in Section 6.2.

3.4 From straight lines to rotational geodesics

Everything above was written in Rd. For translations this is already the construction SigmaFlow
needs. For rotations, however, the straight-line interpolant in (3.13) is not available. Rotation
matrices cannot be interpolated by ordinary addition without leaving SO(3), and the displace-
ment x1 − x0 has no direct analogue between two rotations. The geometric objects introduced
in Section 2.3 provide the corresponding replacements. The following presentation follows Solà
et al. [23] and Chen and Lipman [3]

The construction follows the same logic as in Euclidean space. Fix a target point x1 and draw
X0 ∼ pinit. In Rd, we defined a trajectory from X0 to x1 by straight-line interpolation. On a
Riemannian manifold (M, g), the natural replacement is the shortest geodesic,

Xt = ExpX0

(︁
t LogX0(x1)

)︁
. (3.15)

Here LogX0(x1) ∈ TX0M is the tangent vector at the source point that points towards x1 along
the shortest geodesic. Multiplying this vector by t moves a fraction t of the geodesic distance,
and the exponential map returns the resulting tangent vector to the manifold. Consequently,
Xt = X0 at t = 0 and Xt = x1 at t = 1, wherever the chosen shortest geodesic is unique.

As in the Euclidean construction, this interpolation rule implicitly defines a conditional prob-
ability path. For every t, let pt(· | x1) denote the distribution of Xt induced by the random
source point X0. At t = 0 this is the source distribution, while at t = 1 every trajectory reaches
x1 and hence p1(· | x1) = δx1 . The conditional density itself need not be evaluated explicitly.
Instead, flow matching only requires the velocity of the trajectories that generate it.

For the geodesic in (3.15), the velocity at the current point xt can be written as

ut(xt | x1) =
Logxt

(x1)
1− t

. (3.16)

The logarithmic map Logxt
(x1) is the tangent vector at xt pointing along the remaining geodesic

towards x1. Dividing by the remaining time 1− t therefore gives the velocity required to reach
x1 at t = 1 [3]. This is the geometric analogue of (x1−xt)/(1− t) in (3.14) and will be explicitly
derived for SO(3).
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The conditional flow matching principle itself is unchanged. The difference is that velocities now
belong to the tangent space TxtM, so the prediction and target must be compared using the
metric at the same point. The Riemannian conditional flow matching objective is therefore [3]

LRCFM(θ) = Et∼U [0,1], x1∼pdata, xt∼pt(·|x1)
[︂⃦⃦

vθ(t, xt)− ut(xt | x1)
⃦⃦2

g(xt)

]︂
. (3.17)

For SO(3), this general construction becomes explicit. Let R0 be a source rotation and R1 the
crystallographic orientation. On SO(3), tangent spaces are related to the tangent space at the
identity by

TRSO(3) = {RΩ : Ω ∈ so(3)} , so(3) = TISO(3). (3.18)

Indeed, multiplying a tangent vector RΩ ∈ TRSO(3) from the left by R−1 = R⊤ removes the
current rotation and recovers Ω ∈ so(3). This identifies each tangent space TRSO(3) with the
common tangent space at the identity and is called left trivialisation.

Applying this identification to the displacement from R0 to R1 gives

Ω = R⊤
0 LogR0(R1) = Log(R⊤

0 R1) ∈ so(3). (3.19)

The final equality follows from

R1 = R0 Exp(Ω) ⇐⇒ R⊤
0 R1 = Exp(Ω). (3.20)

Thus Ω = Log(R⊤
0 R1) represents the Riemannian displacement from R0 to R1 in the fixed

tangent space at the identity. It plays the same role as x1− x0 in Euclidean space, encoding the
direction and distance required to move from the source orientation to the target along their
shortest geodesic [3].

To move only a fraction t of this displacement, we scale Ω by t, map it back onto SO(3) with
the exponential map, and compose the resulting relative rotation with the source rotation. This
gives

Rt = R0 Exp(tΩ) = R0 Exp
(︂
t Log(R⊤

0 R1)
)︂

. (3.21)

At t = 0 this returns R0. At t = 1, Exp(Ω) = R⊤
0 R1, so

R0 Exp(Ω) = R0R⊤
0 R1 = R1.

Equation (3.21) is therefore the rotational counterpart of the Euclidean interpolation

xt = x0 + t(x1 − x0).

Just as before, drawing R0 from the source distribution and applying this interpolation rule
induces the conditional probability path used for training.
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It remains to obtain the conditional velocity associated with this trajectory. Since Ω is fixed
once the source and target rotations have been chosen, differentiating Rt = R0 Exp(tΩ) only
requires differentiating the matrix exponential. For constant Ω,

d
dt

Exp(tΩ) = Exp(tΩ)Ω. (3.22)

Therefore,
Ṙt = R0

d
dt

Exp(tΩ)

= R0 Exp(tΩ)Ω

= RtΩ.

(3.23)

Unlike the Euclidean velocity ẋt, the velocity Ṙt lies in the tangent space TRtSO(3), which
changes along the geodesic. Using the left trivialisation introduced above expresses this velocity
in the fixed tangent space at the identity:

R⊤
t Ṙt = R⊤

t RtΩ = Ω. (3.24)

The identity-tangent-space representation of the velocity is therefore constant along the entire
conditional geodesic, just as x1 − x0 is constant along the Euclidean straight-line trajectory.

The same velocity can equivalently be written in terms of the remaining displacement from the
current rotation Rt to the target R1. Starting from

Rt = R0 Exp(tΩ),

taking the transpose gives
R⊤

t =
(︁
R0 Exp(tΩ)

)︁⊤
= Exp(tΩ)⊤R⊤

0

= Exp(−tΩ)R⊤
0 .

(3.25)

The final equality follows because Ω ∈ so(3) is skew-symmetric, so Ω⊤ = −Ω. Multiplying by
the target rotation then gives

R⊤
t R1 = Exp(−tΩ)R⊤

0 R1

= Exp(−tΩ) Exp(Ω)

= Exp((1− t)Ω).

(3.26)

The second equality uses R⊤
0 R1 = Exp(Ω) by the definition of Ω. The final equality holds

because both exponentials are generated by the same matrix Ω and therefore commute. Along
the chosen shortest geodesic,

Log(R⊤
t R1) = (1− t)Ω. (3.27)
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Consequently, the conditional rotational velocity can be written as

urot
t = Ω = Log(R⊤

0 R1) = Log(R⊤
t R1)

1− t
. (3.28)

The Euclidean and rotational constructions are therefore the same recipe expressed in the
geometry of their respective spaces:

trajectory conditional velocity

R3 : xt = x0 + t(x1 − x0) ut = x1 − x0,

SO(3) : Rt = R0 Exp
(︁
t Log(R⊤

0 R1)
)︁

ut = Log(R⊤
0 R1).

(3.29)

The Euclidean and rotational constructions now have the same form. A source point follows
a prescribed path to the data point, and its derivative provides the conditional velocity. On
SO(3), subtraction becomes the logarithmic map and straight lines become geodesics. No heat
kernel, Brownian motion or rotational score is needed to construct the flow path.

There is, however, one geometric detail that becomes important when this target is connected to
the inherited SigmaDock architecture. In (3.24) we represented the tangent velocity by R⊤

t Ṙt.
This is one of two common ways to represent rotational velocity. The distinction between them
determines whether a predicted angular velocity acts on a rotation from the left or from the
right.

3.5 Body frame and spatial frame

A tangent velocity Ṙ ∈ TRSO(3) can be represented in the tangent space at the identity in
two natural ways. The choice depends on the coordinate frame in which the angular velocity
is expressed. Consider a fragment rotating inside a fixed protein pocket. Its motion may be
described relative to axes attached to the fragment itself, called the body frame, or relative to
axes fixed in the surrounding pocket, called the spatial frame. Both describe exactly the same
physical motion, but their coordinate representations are generally different.

Because R maps body coordinates to spatial coordinates, multiplication order identifies the
frame. In RΩ, Ω acts before the frame rotation and is body-fixed. In WR, W acts after that
rotation and is spatial.

The representation already used in (3.24) is the body-frame convention. For a differentiable
rotation path R(t), define

Ω = R⊤Ṙ ∈ so(3). (3.30)

Multiplying by R from the left recovers the tangent velocity,

Ṙ = RΩ. (3.31)
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ex

ey

spatial frame

b1

b2 body frame

v

vspatial,1

vspatial,2

vbody,1
vbody,2

Same physical vector v

different coordinate
representations

vbody = R⊤vspatial

Figure 3.1: Schematic two-dimensional analogy of spatial and body-frame coordinates. The red arrow
represents one physical vector v. The spatial frame is fixed to the environment, while the body frame is
rotated with the fragment. The vector itself is unchanged, but its numerical components depend on the
chosen basis. If R maps body-frame coordinates into the spatial frame, then vbody = R⊤vspatial.

Reading the product from right to left, Ω acts on body-frame coordinates before R carries the
resulting motion into spatial coordinates. The matrix Ω therefore describes the instantaneous
angular velocity relative to axes that rotate together with the fragment.

Alternatively, the same tangent velocity can be represented in the spatial frame by

W = ṘR⊤ ∈ so(3). (3.32)

To see why W again belongs to the Lie algebra, substitute Ṙ = RΩ and use Ω⊤ = −Ω:

W ⊤ =
(︂
RΩR⊤

)︂⊤

= RΩ⊤R⊤

= −RΩR⊤

= −W.

(3.33)

Thus W is again skew-symmetric and therefore W ∈ so(3). This gives

Ṙ = WR. (3.34)

Here the order is reversed. The rotation R first maps body-frame coordinates into the fixed
spatial frame, after which W acts on the already rotated coordinates. Thus W describes the
same instantaneous angular velocity relative to the fixed world coordinates of the protein pocket.
The distinction can therefore be read directly from the multiplication order:

Ṙ = RΩ⏞ ⏟⏟ ⏞
Ω acts in body coordinates
before the frame rotation

, Ṙ = WR⏞ ⏟⏟ ⏞
W acts in spatial coordinates

after the frame rotation

. (3.35)

The two matrices therefore encode the same physical tangent velocity in different coordinates.
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Their relationship is precisely the corresponding change of frame. Substituting Ṙ = WR into
the body-frame definition gives

Ω = R⊤Ṙ

= R⊤WR

= AdR−1(W ).

(3.36)

Conversely,
W = RΩR⊤ = AdR(Ω). (3.37)

See Marsden and Ratiu [17] for a more detailed Lie-group formulation.

The matrices Ω and W are elements of so(3). Using the identification between skew-symmetric
matrices and three-vectors, their corresponding angular-velocity vectors may be written

ωbody = Ω∨, ωspatial = W ∨. (3.38)

Thus the distinction between body and spatial frame is not a distinction between two different
rotations or physical motions. It is a distinction between two coordinate representations of the
same tangent velocity.

SigmaFlow uses the body-frame convention. The rotational flow matching target derived in
(3.28) is

urot
t = Log(R⊤

0 R1) ∈ so(3), (3.39)

which is precisely the body-frame representation obtained from R⊤
t Ṙt. A numerical integration

step therefore acts on the right,

R ↦−→ R Exp
(︂
∆t urot

t

)︂
. (3.40)

This is consistent with the geodesic construction itself. If the exact conditional velocity is used
for a small time increment ∆t, then

Rt ↦−→ Rt Exp(∆t Ω),

which advances the rotation along the same geodesic defined in (3.21).

This convention becomes important because the inherited SigmaDock rigid-body readout
naturally produces the opposite representation. Its torque and inertia are computed in world
coordinates, so

ωF = I−1
F τF (3.41)

is expressed in the spatial frame. This is consistent with SigmaDock’s left-acting rotational
update in (2.55). SigmaFlow, however, requires the body-frame velocity associated with (3.28).
The inherited spatial-frame prediction must therefore be converted before it can be interpreted as
the Riemannian flow matching velocity. In matrix form this is exactly the adjoint transformation
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in (3.36). Chapter 4 gives the corresponding conversion explicitly for the inherited network
readout.

The distinction is easy to miss in implementation because both coordinate representations
ultimately contain three numbers. Using the wrong convention therefore leaves tensor shapes,
network outputs and losses apparently well defined. Geometrically, however, the predicted
angular velocity is then interpreted relative to the wrong coordinate axes. Keeping the frame
convention explicit is therefore necessary to make the rotational target, network output and
numerical integration rule describe the same motion.

3.6 The SigmaFlow probability path and objective

SigmaFlow now follows by applying the Euclidean construction to translations and the geodesic
construction to rotations. Its source distribution is

p0(z) = N (0, I3N )⊗ U⊗N
SO(3), (3.42)

which is the stationary limit (2.49) of SigmaDock’s forward diffusion, although the released
SigmaDock sampler itself uses the finite-noise rotational reference described in Section 2.4. For
each training example, draw

x0 ∼ N (0, I3), R0 ∼ USO(3) (3.43)

independently for each fragment. If (x1, R1) denotes its crystallographic translation and
orientation, the conditional paths and targets are

xt = (1− t)x0 + tx1, utrans
t = x1 − x0 = x1 − xt

1− t
, (3.44)

and
Rt = R0 Exp

(︂
t Log(R⊤

0 R1)
)︂

, urot
t = Log(R⊤

0 R1) = Log(R⊤
t R1)

1− t
. (3.45)

The two forms of each target are mathematically equal along the conditional path. The imple-
mentation uses the endpoint forms x1−x0 and Log(R⊤

0 R1). They remain finite at t = 1 and, after
the rotational velocity is expressed in the body frame, are constant along the conditional path.
The apparently singular factors 1/(1−t) are therefore never required during target construction.

For N fragments the construction is componentwise because the model uses the direct-product
geometry from Section 2.1. Writing the fragment index explicitly, the training loss is

Et∼U [0,1], z1∼pdata(·|c), z0∼p0

[︄
1
N

N∑︂
i=1

(︃
λtrans

⃦⃦
vθ

trans
i − utrans

t,i

⃦⃦2
2 + λrot

⃦⃦
vθ

rot
i − urot

t,i

⃦⃦2
F

)︃]︄
. (3.46)

As in SigmaDock, the loss is averaged over fragments and retains the inherited relative weighting
of translation and rotation, with λtrans = 2 and λrot = 0.5. Equation (3.46) is simply the
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(a) translational factor R3

source

x0

x1

t = 0.2

t = 0.5

t = 0.8

ut = x1 − x0
constant along the conditional path

(b) rotational factor SO(3)

R0

R1

t = 0.2 t = 0.5
t = 0.8

ut = Log(R⊤
0 R1)

constant after body-frame trivialisation

Figure 3.2: Conditional paths for one translational and one rotational fragment coordinate. (a) In R3,
shown schematically in two dimensions, interpolation is linear and the target x1−x0 is constant. (b) On
SO(3), interpolation follows the shortest geodesic. The tangent arrow changes its location and physical
orientation along the curved path, but its coordinates after body-frame trivialisation remain Log(R⊤

0 R1).
Thus SigmaFlow uses the same conceptual target on both factors: the displacement from source to data
expressed in the geometry of that factor. The surface is schematic; SO(3) itself is three-dimensional.

Riemannian CFM objective (3.17) written for the fragment product space.

The rotational loss uses the Frobenius norm on so(3). For A = ˆ︁ω,

∥A∥2F = tr(A⊤A) = 2∥ω∥22, (3.47)

At inference the learned field is integrated with explicit Euler. Translation uses the ordinary
Euclidean update, while rotation returns to the group with the exponential map,

x(k+1) = x(k) + vtrans
θ ∆t, R(k+1) = R(k) Exp

(︂
vrot

θ ∆t
)︂

. (3.48)

The right multiplication is the body-frame convention of Section 3.5. Because the conditional
paths are straight on translations and shortest geodesics on rotations, they deliberately avoid
unnecessary curvature in the target transport. Whether this translates into fewer network
evaluations in the learned marginal flow is an important empirical question tested directly in
Section 6.2.
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Chapter 4

SigmaFlow-NE: The Minimal
Conversion

4.1 Design principle and what actually changed

To isolate the generative mechanism, the implementation keeps all inherited components fixed
unless flow matching requires a change. Table 4.1 summarises this partition.

Table 4.1: Partition of the system under the minimal-change constraint. Components marked identical
were verified by file hash over the relevant source trees.

Component Status Note

EquiformerV2 backbone identical all backbone source files are hash-identical
Featurisation and Graph identical inherited
Data pipeline, fragmentation identical same conformers, same splits
Output block (ℓ = 1 head) identical one field fi, Eq. (2.50)
Newton-Euler reduction identical Eqs. (2.51)-(2.54)
Optimiser and schedule identical AdamW [16], same cosine schedule
Loss weights identical SigmaDock production values

Forward noising process removed replaced by an explicit probability path
Score rescaling by λ(t) removed score rescaling is no longer necessary and deleted
Probability path new Eqs. (3.44)-(3.45)
Training target new conditional velocity in place of score
Frame conversion new Eq. (4.2)
Sampler new deterministic Euler, Eq. (3.48)

4.2 The vector field readout

The network output and its Newton-Euler reduction are inherited exactly, so the per-fragment
increments ∆TF and ˆ︁ωF of (2.54) are available unchanged. What differs is their interpretation.
SigmaFlow reads them as a velocity, which requires no time-dependent rescaling, so the
translational prediction is:

vtrans
θ = ∆TF = 1

|F |
∑︂
i∈F

fi. (4.1)
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The rotational prediction requires one further step. As noted in Section 3.5, ˆ︁ωF is a spatial-frame
quantity, whereas the target (3.45) and the integrator (3.48) use the body-frame convention.
The prediction must therefore be expressed in the same frame before it can be compared with
the target. Using a spatial-frame quantity directly would compare components expressed with
respect to different coordinate axes. Applying the adjoint transformation of (3.36) gives the
predicted rotational velocity:

vrot
θ = R⊤

t ˆ︁ωF Rt. (4.2)

Conjugating a skew-symmetric matrix by a rotation preserves skew-symmetry, so vrot
θ remains

a valid element of so(3) and every downstream shape is unchanged.

Lastly note the implementation, the SLURM configuration of every run reported here, the
sampling and evaluation chain, and the frozen result file from which all tables and figures in
this thesis are regenerated are available at https://github.com/jmuelleo/SigmaFlow.
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Chapter 5

SigmaFlow-TR: Translation and
Rotation Specific Heads

5.1 Motivation

SigmaFlow-NE uses one atom-wise field for both channels. Translation reads its zeroth spatial
moment, while rotation reads its first moment about the fragment centre. SigmaDock subse-
quently rescales these outputs separately as scores, but SigmaFlow interprets them directly as
velocities. SigmaFlow-TR tests whether the two velocity targets benefit from separate output
representations while retaining the shared EquiformerV2 trunk.

5.2 Construction

SigmaFlow-TR replaces the single output block by two blocks of identical configuration on a
shared trunk, so the backbone up to the final attention block is untouched and only the readout
is duplicated. Each block emits its own ℓ = 1 field per atom, fT

i and fR
i . The Newton-Euler

reduction is removed from the active path and replaced by mean pooling,

vtrans
θ = 1

|F |
∑︂
i∈F

fT
i , w̄F = 1

|F |
∑︂
i∈F

fR
i , vrot

θ = R⊤
t
ˆ̄︃wF Rt. (5.1)

The translational expression is unchanged in form. The rotational expression differs substan-
tively: torque and inverse inertia are gone, and the network emits an angular velocity directly.
The frame conversion is retained unmodified, since it is required by the invariance of the target
rather than by the particular readout. Mean pooling rather than summation is deliberate, since
a sum would make the predicted velocity scale with fragment size and impose an uncontrolled
size-dependent gain on the loss.

The cost is one additional attention block: 16,899,826 parameters versus 14,979,377, of which
1,920,449 belong to each of the two identically configured heads, an increase of 12.82%. Every-
thing else, including the data pipeline, fragmentation, optimiser, schedule, loss weights, source
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SigmaFlow-TR

Shared EquiformerV2 trunk

Translation
output block

ℓ = 1 field {fT
i }

Rotation output block
ℓ = 1 field {fR

i }

Mean pooling

vtrans
θ =

1
|F |

∑︂
i∈F

fT
i

Mean pooling

w̄F =
1

|F |

∑︂
i∈F

fR
i

Spatial → body frame
vrot

θ = R⊤
t ˆ̄︂wF Rt

Translation
flow-matching loss

Rotation
flow-matching loss

Two independent output blocks.
Each loss updates only its own output

block, while both update the shared trunk.

SigmaFlow-NE

Shared EquiformerV2 trunk

Single inherited output block
shared ℓ = 1 field {fi}

Translation readout

vtrans
θ =

1
|F |

∑︂
i∈F

fi

Newton-Euler rotation

τF =
∑︂
i∈F

(ri − cF ) × fi

Inverse inertia
ωF = I−1

F τF

Spatial → body frame
vrot

θ = R⊤
t ˆ︂ωF Rt

Translation
flow-matching loss

Rotation
flow-matching loss

One shared output field serves both channels.
Translation reads its mean; rota-

tion reads torque and inverse inertia.

Figure 5.1: Conceptual comparison of the two SigmaFlow readouts.

distribution and sampler, is byte-identical to SigmaFlow-NE.
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Chapter 6

Results

6.1 Experimental basis

The three models of Table 6.1 received the same wall-clock allocation on one L40S GPU each
and differ only as recorded in Table 4.1. All models are trained on the general set of PDBbind
v2020 [15], in the reprocessed R1 release (19,037 complexes) [20].

Table 6.1: The three training runs. Wall-clock is cumulative, since two models resumed after node
failures and the successor allocations were shortened so that all three end within four minutes of each
other. The horizon is the epoch count the annealing schedule was calibrated to, set per model from its
measured throughput; all three take 594 optimiser steps per epoch at batch size 32.

model Mechanism Wall-clock Horizon Epoch reached Schedule used

SigmaDock diffusion 72:00:06 239 232 97.1%
SigmaFlow-NE flow matching 72:00:03 255 232 91.0%
SigmaFlow-TR flow matching 72:03:20 255 222 87.1%

6.1.1 The compute budget

Three descriptions must be distinguished when comparing these results with Prat et al. [21]. The
training procedure reported in the paper, the configuration shipped with the released code, and
the leaner setup used here. SigmaDock was reported to train for up to 256 epochs on four 80GB
A100 GPUs under distributed data parallelism [21, App. E.3]. The experiments here instead use
the reprocessed PDBbind v2020.R1 general set with a batch size of 32 on a single GPU. R1 was
preferred because it reprocesses the remaining structures with the newer preparation workflow
rather than merely removing 406 complexes. The fraction of crystallographic ligands passing all
PoseBusters checks rises from 63.0% to 78.2%, while the intermolecular checks change by half
a point [1]. The difference therefore reflects cleaner molecular preparation rather than easier
protein-ligand geometry.

The released recipe also contains training enrichments that were not used here, most no-
tably random rotational augmentation and PoseBusters-based filtering of starting conformers,
together with longer parameter averaging and several smaller hyperparameter differences. The
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runs in this thesis follow the code defaults where possible. This reduced the computational cost
to roughly 72 GPU-hours against approximately 384 for the published budget, but also makes
the reproduction intentionally leaner.

The reproduced SigmaDock baseline consequently remains 10 to 15 percentage points be-
low the published results. The gap is plausibly explained by the smaller budget, the leaner
recipe and the reprocessed dataset rather than by the generative mechanism. These differences
do not favour SigmaFlow. All three models are trained under the same defaults and constraints,
and SigmaDock progresses furthest through its own annealing schedule. The experiments should
be read as a controlled comparison between diffusion and flow matching under a common lean
regime, not as a reproduction of SigmaDock’s published performance.

6.1.2 Performance estimation

A Top-1 rate at K draws is an expectation over which K candidates happen to be drawn.
All reported rates estimate it by drawing 10000 random subsets of size K for every complex,
taking the candidate the ranker selects in each, and averaging first over subsets and then over
complexes. Where K equals the number of generated candidates there is only one subset and
the value is exact. Models are compared by a paired bootstrap test over complexes with 8000
resamples of the mean difference, which is the estimand the tables report.

6.2 Integration steps and what a candidate costs

SigmaDock’s final accuracy depends strongly on ranking: one candidate satisfies the combined
criterion in 24.1% of cases, while selection from 40 reaches 64.5%. This motivates exchanging
some per-candidate quality for a larger pool at fixed compute. Reducing integration steps is
the obvious way to do so.

The models respond very differently. From 25 to 5 steps, SigmaFlow loses under one per-
centage point of placement accuracy per draw, while SigmaDock falls from 50.5% to 7.0%. After
mixed-score ranking its accuracy falls from 70.0% to 25.4%, and the combined criterion from
64.5% to 6.5%. All models lose some chemical validity at 5 steps, but the collapse is specific to
diffusion. Figure 6.1 illustrates the likely reason for this. The flow trajectories are smoother
and remain visibly smooth under coarse integration, whereas SigmaDock deteriorates sharply.
This is the robustness required to exchange integration steps for additional candidates.

On PoseBusters, generating one candidate for each of the 308 complexes takes on average 39.0
minutes at 25 integration steps and 11.2 minutes at 5 steps across the two SigmaFlow variants.
Fixed loading and output costs reduce the resulting speed-up from the asymptotic factor of 5
to 3.48. Consequently, the wall-clock budget required for 40 25-step candidates permits 140
5-step candidates. On Astex, the corresponding runtimes are 7.3 and 2.9 minutes, allowing 101
5-step candidates under the same budget.
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(a) (b)

(c) (d)

(e) (f)

Figure 6.1: Generated trajectories for ligand ATP from PDB entry 7KRU. Rows are the models,
in the order SigmaDock (a and b), SigmaFlow-NE (c and d) and SigmaFlow-TR (e and f). The left
column integrates 25 steps and the right column 5. Every step is drawn at once, coloured from red
at the first to green at the last, with the crystallographic pose in blue. In the intermediate steps
the severed bonds are not drawn, so each rigid fragment is visible as a separate body travelling its
own path. The final pose keeps its bonds and is drawn thicker. An animated version is available at
https://jmuelleo.github.io/SigmaFlow/trajectories/.
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For large screening campaigns the fixed cost is amortised and the ratio tends to the 5-fold step
ratio. 40 candidates at 25 steps then correspond to 200 at 5, reported as the amortised regime.

6.3 PoseBusters

As shown by the "per draw"-column in Table 6.2, SigmaDock is ahead when it comes to single-
sample performance. A single SigmaDock candidate satisfies the combined criterion 24.1% of
the time against 16.8% and 19.2% for the flow models at the same step count. Read across to
the mixed score and the order changes. At matched sampling wall-clock the flow models reach
69.7% and 68.7% against SigmaDock’s 64.5%, and in the amortised regime of 200 draws 72.3%
and 70.4%. On accuracy alone the corresponding figures at two hundred draws are 77.5% and
76.9% against 70.0%. At 200 draws the advantage is significant for both flow models, while
the difference between SigmaFlow-NE and SigmaFlow-TR is not significant on PB308 at any
draw count. Every model here falls short of the published figures, 79.9 and 80.5 against a best

Table 6.2: Performance of SigmaDock and the SigmaFlow variants on PB308 at the 72-hour endpoints.
The left half gives Top-1 under three selection rules, the right half compares the mixed score against
SigmaDock at 25 steps and 40 draws, so a positive number favours the row. The compute-matched
comparison is the bold row, 5 integration steps at 140 draws. The 200-draw rows are the amortised
regime of Section 6.2. The published row is SigmaDock as reported by Prat et al. [21] at 40 draws,
reproduced for orientation and not measured here.

Top-1, three selection rules Mixed score, minus SigmaDock 25/40

model steps candidates per draw mixed score oracle Pts. 95% interval p

RMSD < 2 Å and PB-valid with protein
SigmaDock 25 40 24.09 64.50 79.15 reference
SigmaFlow-NE 25 40 16.75 68.08 78.50 +3.58 [−1.63, +8.47] 0.183
SigmaFlow-TR 25 40 19.21 65.15 77.20 +0.65 [−4.89, +5.86] 0.866
SigmaFlow-NE 5 140 12.95 69.70 82.38 +5.21 [+0.63, +9.85] 0.022
SigmaFlow-TR 5 140 15.10 68.70 80.43 +4.21 [−0.55, +8.87] 0.088
SigmaFlow-NE 5 200 12.95 72.31 85.02 +7.82 [+2.93, +12.70] 0.003
SigmaFlow-TR 5 200 15.10 70.36 82.41 +5.86 [+0.65, +11.07] 0.029
SigmaDock, published 25 40 – 79.9 – –

SigmaFlow-TR minus SigmaFlow-NE, mixed score
at 25 / 40 25 40 – – – −2.93 [−7.82, +1.95] 0.281
at 5 / 140 5 140 – – – −1.00 [−4.79, +2.77] 0.597
at 5 / 200 5 200 – – – −1.95 [−6.84, +2.93] 0.465

RMSD < 2 Å
SigmaDock 25 40 50.53 70.03 93.16 reference
SigmaFlow-NE 25 40 44.81 74.59 93.49 +4.56 [−0.65, +9.77] 0.085
SigmaFlow-TR 25 40 47.93 71.66 94.79 +1.63 [−3.58, +6.84] 0.572
SigmaFlow-NE 5 140 44.13 76.16 97.28 +6.12 [+1.67, +10.54] 0.004
SigmaFlow-TR 5 140 47.13 75.66 97.02 +5.63 [+1.25, +9.96] 0.011
SigmaFlow-NE 5 200 44.13 77.52 97.72 +7.49 [+2.61, +12.38] 0.002
SigmaFlow-TR 5 200 47.13 76.87 97.72 +6.84 [+2.28, +11.73] 0.004
SigmaDock, published 25 40 – 80.5 – –

SigmaFlow-TR minus SigmaFlow-NE, mixed score
at 25 / 40 25 40 – – – −2.93 [−7.82, +1.95] 0.261
at 5 / 140 5 140 – – – −0.50 [−4.07, +2.97] 0.744
at 5 / 200 5 200 – – – −0.65 [−5.21, +3.91] 0.852

of 72.3 and 77.5. The likely reason was discussed in Section 6.1.1 and should be kept in mind
throughout.
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6.4 The Astex Diverse Set

As you can see in Table 6.3 Astex shows the same pattern more strongly. At matched wall-clock,
SigmaFlow-NE and SigmaFlow-TR reach 84.9% and 88.1% on the combined criterion against
SigmaDock’s 74.1%, gains of 10.7 and 14 points. At 200 candidates they reach 87.1% and 92.9%,
with SigmaFlow-TR slightly above the published SigmaDock result of 90.6%. SigmaFlow-NE
and SigmaFlow-TR cannot be ranked reliably against each other. SigmaFlow-TR leads on
Astex but SigmaFlow-NE on PoseBusters, and only one training run was performed per model.

Table 6.3: The Astex Diverse Set, otherwise as in Table 6.2. The compute-matched count here is 101
draws at 5 steps.

Top-1, three selection rules Mixed score, minus SigmaDock 25/40

model steps candidates per draw mixed score oracle Pts. 95% interval p

RMSD < 2 Å and PB-valid with protein
SigmaDock 25 40 38.65 74.12 89.41 reference
SigmaFlow-NE 25 40 28.38 81.18 91.76 +7.06 [−3.53, +17.65] 0.213
SigmaFlow-TR 25 40 31.50 82.35 94.12 +8.24 [−2.35, +18.82] 0.148
SigmaFlow-NE 5 101 23.19 84.87 96.34 +10.76 [+3.35, +18.71] 0.004
SigmaFlow-TR 5 101 26.21 88.11 96.65 +13.99 [+6.27, +22.18] < 0.001
SigmaFlow-NE 5 200 23.19 87.06 98.82 +12.94 [+3.53, +22.35] 0.014
SigmaFlow-TR 5 200 26.21 92.94 98.82 +18.82 [+10.59, +28.24] < 0.001
SigmaDock, published 25 40 – 90.6 – –

SigmaFlow-TR minus SigmaFlow-NE, mixed score
at 25 / 40 25 40 – – – +1.18 [−7.06, +9.41] 0.904
at 5 / 101 5 101 – – – +3.24 [−1.10, +7.86] 0.153
at 5 / 200 5 200 – – – +5.88 [−1.18, +12.94] 0.126

RMSD < 2 Å
SigmaDock 25 40 65.47 78.82 95.29 reference
SigmaFlow-NE 25 40 60.62 85.88 98.82 +7.06 [+0.00, +15.29] 0.090
SigmaFlow-TR 25 40 63.32 85.88 98.82 +7.06 [−2.35, +16.47] 0.156
SigmaFlow-NE 5 101 61.08 87.65 98.75 +8.83 [+2.79, +15.21] 0.002
SigmaFlow-TR 5 101 64.06 89.74 99.42 +10.92 [+4.35, +18.09] < 0.001
SigmaFlow-NE 5 200 61.08 89.41 98.82 +10.59 [+2.35, +18.82] 0.010
SigmaFlow-TR 5 200 64.06 92.94 100.00 +14.12 [+5.88, +22.35] < 0.001
SigmaDock, published 25 40 – 90.6 – –

SigmaFlow-TR minus SigmaFlow-NE, mixed score
at 25 / 40 25 40 – – – +0.00 [−8.24, +8.24] 1.000
at 5 / 101 5 101 – – – +2.09 [−2.01, +6.87] 0.329
at 5 / 200 5 200 – – – +3.53 [−2.35, +9.41] 0.330

Figure 6.2 shows why candidate count matters. SigmaDock leads for small candidate sets, but
the flow models overtake it as the number of candidates grows. At equal integration steps the
crossing is between 20 and 35 candidates on PoseBusters and below ten on Astex. Beyond
roughly 25 candidates SigmaDock gains little, whereas the flow curves continue to rise. This
suggests that the flow models generate structurally broader candidate sets, which is tested
directly in Chapter 7. Reducing SigmaDock itself to 5 integration steps does not yield a benefit.
Its performance remains near the bottom across candidate counts, showing that additional
samples cannot compensate once per-sample quality has collapsed. In these experiments, flow
matching makes this trade-off viable by preserving useful sample quality at low step counts,
allowing compute to be reallocated from longer trajectories to larger candidate sets. The
prescribed simple transport paths are the plausible explanation for this low-step robustness.

Another thing to note is that the oracle-minus-mixed gap measures selection loss. On PB308 it
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Figure 6.2: Top-1 under SigmaDock’s mixed score against the number of poses drawn per complex, at
the training endpoints, for both benchmarks and both success criteria.

is 12.71 and 12.05 points for the two flow models at 200 candidates, against 14.65 for SigmaDock
at 40. A substantial part of available candidate-set accuracy is therefore lost at selection for
every model, an observation we will come back to in Chapter 7.

6.5 Performance over fragment count

Performance also varies with the number of rigid fragments a ligand is cut into, shown in
Figure 6.3. The classes are unevenly filled, and the right-hand end of the PoseBusters panel
should not be read as a trend, since eleven fragments or more account for six complexes in total
and a single pose can move such a point by 50 percentage points. Over the populated range
the decline is real. The rank correlation between fragment count and success is negative for
all 5 cells and significant in every one, with ρ between −0.15 and −0.19 at p < 0.01. After
six fragments success falls from between 70% and 79% to between 34% and 46%, and it does
so for the diffusion baseline and both flow models alike. Larger ligands are therefore harder
for all three, which is what one expects when each additional fragment adds six dimensions
to the state the sampler has to get right. The Astex panel shows no comparable decline, but
the benchmark contains only ten ligands with seven or more fragments, compared with 49 of
the 308 PoseBusters complexes. The evidence therefore rests primarily on a single benchmark,
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Figure 6.3: Top-1 under the mixed score against the number of rigid fragments the ligand is cut into,
on PoseBusters (top, n = 308) and Astex (bottom, n = 85). Colour is the model and line style the
number of integration steps, as in Figure 6.2. SigmaDock at 5 steps is omitted because its performance
is not competitive.

while the high-fragment regime in which the effect would matter most is sparsely represented in
both. This makes it difficult to determine conclusively how strongly docking difficulty increases
with fragment count.

6.6 Position against published methods

Figures 6.4 and 6.5 place the three models beside the methods Prat et al. [21] reports. Two
points stand out. On PoseBusters every model here stays below the published model, by 7.6
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points at best on the combined criterion, which is the reproduction gap of Section 6.1.1 rather
than a statement about mechanisms. On Astex SigmaFlow-TR at 5 steps and 200 draws reaches
92.9% on the combined criterion, more than the published 90.6%, and it is the only cell in
either table where a 72-hour run of this thesis exceeds the published figure. Both flow models
also clear every classical and deep-learning baseline on both benchmarks, while the diffusion
model at 5 steps does not.
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Figure 6.4: Top-1 on PoseBusters, published methods and the three models of this thesis, ordered by
the combined criterion.
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Chapter 7

Generated distribution

Chapter 6 established the central trade-off. SigmaDock is stronger per draw, but SigmaFlow
remains useful at 5 integration steps and can spend the saved compute on more candidates.
Ranking then makes the flow models competitive or better. Yet candidate count alone cannot
explain this. The last 5 candidates are worth 0.27 points to SigmaDock at 25 steps, against
1.41 for SigmaFlow-NE and 0.68 for SigmaFlow-TR. On placement accuracy SigmaDock loses
0.23 points over the same 5 draws while the flow models gain 0.67 and 0.41. At 5 steps and 200
candidates both flow models still gain about 0.10 points on placement accuracy and 0.19 and
0.11 on the combined criterion. Both mechanisms therefore saturate, but SigmaFlow does so
significantly later.

This suggests that what matters is not only how many candidates are drawn but how many
distinct structural hypotheses they represent. This chapter therefore asks three questions. Do
the models generate distributions with different structural diversity? Does the shape of those
distributions reveal prediction uncertainty? And when a successful pose exists but Top-1 fails,
is the remaining error within a structural mode or in choosing the mode itself?

7.1 Training trajectories

The endpoint comparison alone cannot determine whether the differences are temporary conse-
quences of the training budget. Snapshots written every six hours during the same three runs
provide the trajectory.

Figure 7.1 confirms two features of the endpoint results. The ordering in per-draw performance
becomes stable from approximately epoch 50 onwards, with SigmaDock stronger per draw than
either flow model, so the endpoint difference is not created by where training happened to stop.
The 5-step trajectories of the flow models also stay close to their 25-step counterparts throughout,
ending at 44.0% and 47.2% accuracy against 44.8% and 47.9% at 25 steps. SigmaDock behaves
differently. Its 5-step trajectory remains near the bottom of the panel and ends at 7.1% against
50.5% at 25 steps. The low-step robustness the trade requires is therefore present throughout
training rather than only at the endpoint. Lastly note that Figure 7.1 also shows that the three
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Figure 7.1: Per-draw rates over training for all three models at 25 and 5 integration steps, evaluated
on PB308 with generated input conformers and no ranking, so the curves measure generation alone.
Markers are snapshots, bands are 95% bootstrap intervals over complexes, and the final value of each
curve is printed at its right end. The axis is the training epoch rather than wall-clock, because the
models differ in throughput and two of them resumed after node failures, which restarts a clock but
not an epoch counter. Faint dotted segments bridge gaps of more than 40 epochs, where a snapshot
mechanism failed during a continuation run and no measurement exists.

models are not equally converged at the end. Over their final snapshot interval SigmaDock still
gains 0.010 points of placement accuracy per epoch, against 0.108 for SigmaFlow-NE and 0.057
for SigmaFlow-TR, in the same order as the fraction of the annealing schedule each completed.
The comparison is therefore conservative with respect to the flow models, since the diffusion
baseline is the closest to convergence.

7.2 Effective poses

A generated distribution lives on a product of fragment translations and rotations and is
difficult to inspect directly. For ranking the question is simpler. Do two candidates represent
meaningfully different binding hypotheses, or are they effectively repeated samples of the same
pose?

We operationalise the distinction by clustering candidates on their pairwise RMSD, as de-
tailed in Algorithm 1. The threshold is 2 Å, matching the definition of a successful pose in the
evaluation. So each cluster can be read as one effective structural hypothesis at that resolution.

Three choices matter for the interpretation. The poses are already expressed in the global
coordinates, so no superposition is applied and the spatial information at issue is preserved.
Complete linkage merges two groups only once their largest cross distance falls below δ, which
guarantees that every pair inside a cluster lies within the threshold rather than being connected
indirectly through intermediate samples. The distance is computed over the common atom
ordering rather than over molecular automorphisms, so a pose related to another by a symmetry
of the ligand graph counts as distinct. This was done to keep computational demands low and
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Algorithm 1 Clustering generated poses into effective structural hypotheses
1: Input: generated poses {x1, . . . , xK} in the receptor frame and threshold δ = 2 Å
2: for every pair (i, j) do
3: dij ← RMSD(xi, xj) over the common atom ordering, without superposition
4: end for
5: Build the hierarchy by agglomerative clustering on d with complete linkage
6: Cut the hierarchy at distance δ
7: Return: clusters C1, . . . , CM

makes the reported cluster counts an upper bound in absolute terms. It affects all three models
identically and therefore leaves the comparison between them unchanged.

(a) SigmaDock, two modes. (b) SigmaFlow-NE, seven modes.

Figure 7.2: The 40 candidates generated for complex 7PIH_7QW, clustered into binding modes. Each
panel is one mode, ordered by size. Thin sticks are the candidates, blue is the crystallographic pose,
and the thick candidate is the one the ranker returned, coloured by its own outcome. Green means
the candidate satisfies the success criterion, RMSD < 2 Å together with all PoseBusters checks, and
red means it fails at least one. SigmaDock places 62.5% of its draws in its first mode and returns a
candidate from it although its second mode is correct. SigmaFlow-NE spreads over seven modes, the
largest holding 22.5%, and returns a successful candidate. An interactive visualisation with further
examples is available at https://jmuelleo.github.io/SigmaFlow/modes/.

The distributions differ substantially. At 40 candidates and 25 steps on PoseBusters, SigmaDock
generates 8.83 clusters per complex against 13.92 for SigmaFlow-NE and 13.24 for SigmaFlow-
TR, paired increases of 5.09 and 4.42 (p < 0.0001). This is 0.22 effective poses per draw against
0.35 and 0.33.

SigmaDock is also more concentrated. Its largest cluster contains 45.9% of candidates against
27.5% and 31.5% for the flow models. On Astex the corresponding values are 57.7%, 36.1%
and 39.1%. Even within modes, SigmaDock is tighter, size-weighted pairwise RMSD is 1.153 Å
against 1.351 Å and 1.326 Å. It therefore generates fewer modes, places more mass on its
dominant mode and samples more tightly within each mode. These results are summarised
in Table 7.1 and can also be observed in Figure 7.2 This helps explain the sampling curves.
40 SigmaDock draws represent fewer than nine effective poses at 2 Å, while 40 flow draws
represent about thirteen to fourteen. A broader distribution requires more samples to explore,
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Table 7.1: Structure of the generated pose distribution on PoseBusters after clustering at 2 Å. Cluster
count is the mean number of structural clusters per complex, largest cluster is the fraction of generated
poses in the largest cluster, and within-cluster RMSD is the size-weighted mean pairwise distance inside
clusters.

model steps candidates clusters largest cluster within-cluster RMSD

SigmaDock 25 40 8.83 45.9% 1.153 Å
SigmaFlow-NE 25 40 13.92 27.5% 1.351 Å
SigmaFlow-TR 25 40 13.24 31.5% 1.326 Å
SigmaFlow-NE 5 200 46.43 18.9% 1.292 Å
SigmaFlow-TR 5 200 43.88 22.2% 1.268 Å

consistent with SigmaFlow overtaking only once enough candidates are drawn. Furthermore,
similar results are found at a finer 1 Å or 0.5 Å resolution.

These results indicate that prescribing simple, time-independent transport paths changes
the sampling distribution substantially. Compared with diffusion, the linear and geodesic paths
used by SigmaFlow produce a broader, less concentrated distribution that longer continues to
generate structurally distinct alternatives as additional samples are drawn.

7.3 Distributional concentration as uncertainty

The same observation has a second implication. A concentrated candidate distribution means
that independent source draws repeatedly lead to essentially the same binding hypothesis. A
dispersed distribution means the model keeps producing competing hypotheses. The latter
is naturally associated with ambiguity about the complex, which suggests that the generated
distribution itself carries information about prediction reliability.

For some complexes nearly all candidates collapse into one dominant mode. For others substan-
tial mass is spread across incompatible modes, which often differ in how part of the ligand is
rotated rather than in gross placement. One such mode may contain near-native poses while
another represents an incorrect binding mode. The distribution therefore records disagreement
between plausible solutions even though the generator was never trained to output an uncer-
tainty estimate.

A simple statistic already captures much of this. Let

cmax = maxm |Cm|
K

(7.1)

denote the fraction of candidates in the largest cluster. Used alone to predict whether the
selected pose succeeds, cmax gives at 25 steps AUC-ROCs of 0.78, 0.78 and 0.79 for SigmaDock,
SigmaFlow-NE and SigmaFlow-TR, also showing that the signal is not specific to flow matching.

The effect is also large in absolute terms. For SigmaDock the success rate is 84.3% in the highest
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concentration tercile against 34.3% in the lowest. The corresponding values are 88.7% versus
41.7% for SigmaFlow-NE and 83.3% versus 34.9% for SigmaFlow-TR. The distribution of the
samples is therefore an uncertainty signal. Concentrated predictions are more often reliable,
while competing modes indicate harder complexes.

7.4 Where docking failures occur

Distributional uncertainty indicates when a prediction may be unreliable but not why it failed.
A failed Top-1 prediction can arise at different stages. The generator may never produce a
successful pose, or a successful pose may exist in the candidate pool and be rejected by ranking.
The second case separates further into choosing the wrong structural mode and choosing the
wrong candidate within the correct mode.

On PoseBusters, complete generation failure remains an important limitation. For SigmaDock
at 25 steps no successful pose is generated for 20.9% of complexes, against 21.5% and 22.8%
for the flow models at the same step count. Raising the 5-step pool to 200 candidates lowers
these rates to 15% and 17.6%. Additional coverage therefore reduces generation failure without
eliminating it.

Among SigmaDock failures, 41.3% still contain a successful pose somewhere in the pool,
against 32.7% for SigmaFlow-NE and 34.6% for SigmaFlow-TR at 25 steps, and 45.9% for
SigmaFlow-NE and 40.7% for SigmaFlow-TR at 5 steps with 200 candidates. On Astex the
distinction is sharper, where 90.9% and 83.3% of failed predictions for the two 5-step flow
models nevertheless contain a successful pose. In those cases the required structure has already
been generated and the remaining error is entirely one of selection.

7.5 The cluster oracle

The clustering localises these selection errors. A cluster oracle is allowed to identify a cluster
containing a successful pose, but the ordinary mixed score must still choose within that cluster.
Comparison with the full pose oracle therefore separates between-mode from within-mode
ranking error.

Table 7.2: Top-1 success on PoseBusters under the ordinary mixed-score selector, a cluster oracle that
names a cluster containing a successful pose and then applies the mixed score within it, and the full
pose oracle. Clusters are defined at 2 Å.

model steps candidates mixed score cluster oracle full oracle remaining gap

SigmaDock 25 40 64.50 77.85 79.15 1.30
SigmaFlow-NE 25 40 68.08 78.18 78.50 0.33
SigmaFlow-TR 25 40 65.15 76.55 77.20 0.65
SigmaFlow-NE 5 200 72.31 83.71 85.02 1.30
SigmaFlow-TR 5 200 70.36 81.76 82.41 0.65
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Naming the correct structural cluster raises Top-1 success by 10 to 13 percentage points across
the PoseBusters configurations. After that intervention only 0.33 to 1.30 percentage points
remain between the mixed score and the full pose oracle. Repeating the analysis at a 1 Å
clustering threshold gives the same qualitative result with a remaining gap no larger than about
one point, so the conclusion is not an artefact of the resolution.

Once the correct mode is known, the existing mixed score is already very effective at choosing
within it. The recoverable ranking error therefore lies primarily between structural modes rather
than within the correct one. Improving the fine ranking of geometrically similar candidates
offers little access to the remaining oracle gap. A useful selector instead has to distinguish
competing binding hypotheses that may each contain internally plausible poses.

The comparison also clarifies where SigmaFlow’s advantage comes from. At the same 25-
step schedule, differences largely disappear under the cluster oracle. SigmaDock, SigmaFlow-NE
and SigmaFlow-TR reach 77.9%, 78.2% and 76.6%, despite ordinary Top-1 rates of 64.5%,
68.1% and 65.2%. The same-schedule gain therefore appears to arise mainly from the broader
candidate distribution giving the ranker more favourable alternatives. With 5 steps and 200
candidates, a second effect emerges. Cluster-oracle success rises to 83.7% for SigmaFlow-NE and
81.8% for SigmaFlow-TR, with full-oracle rates of 85% and 82.4%. The improvement therefore
appears to operate through two related channels. At a fixed candidate count, SigmaFlow’s
broader distribution gives the ranker more structurally distinct realisations of the available
binding modes, increasing the chance that a successful pose is also recognised as favourable by
the mixed score. Because low-step sampling remains cheap and additional draws continue to
explore new regions of the distribution, larger candidate sets then provide a second benefit by
increasing coverage of successful binding modes themselves.

7.6 Implications for selection and uncertainty

The distributional analysis reveals two complementary limitations. Generation remains im-
perfect, and on PoseBusters a substantial fraction of failed predictions contain no successful
candidate and cannot be repaired by any ranker. Drawing more SigmaFlow candidates reduces
this through broader coverage. Once a successful pose is available, most of the remaining
recoverable error lies in identifying its structural mode. The mixed score already ranks poses
well within a correct mode, suggesting that future ranking may benefit more from learning
which cluster is promising than from refining individual pose-level scores. This reduces the
decision from many poses to a smaller number of structural modes and allows information to
be aggregated across multiple members of each cluster, potentially providing a stronger signal
of whether a mode is correct.

Furthermore the generated distribution signals when a problem is difficult. Largest-cluster
concentration predicts final success across both mechanisms. But detecting ambiguity is different
from resolving it. Repeated sampling often reveals that mass is spread across incompatible
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binding hypotheses, but that alone does not identify which hypothesis is correct.

The central result of this chapter is therefore not that SigmaFlow generates more poses.
It generates a more diverse candidate distribution in the experiments studied here, so additional
sampling continues to expose the ranker to structurally distinct alternatives after SigmaDock has
begun to saturate. The same distribution provides an intrinsic signal of prediction reliability. As
coverage improves, the remaining recoverable error increasingly becomes a problem of choosing
between competing binding modes. Improving that decision, rather than generating or finely
reranking more poses, is the natural next target.
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Chapter 8

Discussion

8.1 What the comparison establishes

The comparison supports four conclusions.

Flow matching tolerates coarse integration where diffusion does not. The 5-step gap
appears throughout training, not only at the endpoint.

At equal sampling cost, the flow models perform better after ranking. The di-
rection is consistent across both benchmarks and both success criteria. SigmaFlow matches or
exceeds the reproduced SigmaDock baseline both at the 25-step, 40-candidate setting and when
inference compute is reallocated towards many low-step samples, although not every individual
same-schedule comparison is statistically significant. Most importantly, the central hypothesis
of this thesis is strongly supported: reducing SigmaFlow to 5 integration steps and spending
the saved compute on a much larger candidate set significantly improves Top-1 success. At 200
candidates, this gain is significant for both SigmaFlow variants on both benchmarks and under
both the 2 Å RMSD and combined PoseBusters-valid criteria.

This coexists with better single-draw performance from SigmaDock. The advantage
of SigmaFlow appears when inference compute is allocated across a candidate set rather than
to one draw.

Candidate diversity and ranking are part of the mechanism. SigmaDock’s ranked curve
saturates earlier, while SigmaFlow supplies more structural modes per draw. Once a successful
mode exists, the mixed score performs well within it but can choose the wrong mode.

Note that only one training run was performed per model, and SigmaFlow-TR leads SigmaFlow-
NE on Astex but trails it on PoseBusters. The readout variants therefore cannot be ranked
reliably.
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8.2 Limitations

The training budget and the departures from the published recipe are the binding limitation,
and Section 6.1.1 discusses both. Beyond that, only one training run was performed per model,
so every interval and p value is computed over sampling seeds and complexes rather than over
repeated trainings. This matters most for the readout comparison, where the effect sizes are
smallest. The comparison matches wall-clock rather than optimisation steps, and SigmaFlow-TR
reached 222 epochs against the 232 of SigmaFlow-NE, so it is the model with the least training.

8.3 Future work

8.3.1 Matching the published training protocol

A first priority for future work is to resolve the remaining SigmaDock reproduction gap.
Additional runs designed to more closely match the published training protocol, including
the original training set, unexpectedly completed before submission, but only a few hours
before the deadline and too late for a full analysis. A preliminary evaluation still places these
reproductions roughly 6-10 percentage points below the reported benchmark, leaving the source
of the discrepancy unresolved. At the same time, the qualitative compute trade-off appears to
persist, with 200 5-step SigmaFlow samples continuing to outperform 40 25-step SigmaDock
samples. SigmaFlow-NE even reaches a 94.1% success rate on the combined criterium on Astex.
Future work should therefore isolate the remaining differences in training and implementation
and repeat each configuration across random seeds to determine whether the observed variation
is systematic or reflects run-to-run variability.

8.3.2 Learning to select the structural mode

Section 7.5 showed that naming the correct cluster is worth 10 to 13 percentage points and
nearly exhausts what better ranking can achieve. Two models suggest themselves. The first
scores clusters rather than individual candidates and estimates which structural mode contains
a successful pose, trained on generated samples in the manner of DiffDock [6] and evaluated on
a held-out set. The second maps the generated distribution together with the mixed score to a
calibrated probability that the delivered prediction is correct, making the signal of Section 7.3
usable at inference time.

8.3.3 Informative source distributions

The source is a free modelling choice under flow matching and a fixed consequence of the
forward process under diffusion, which makes it the most distinctively flow-specific degree of
freedom available, and SigmaFlow leaves it unexploited by inheriting (2.49) unchanged. The
translational source is already informative, since pocket-centred coordinates place its mean near
the answer. On the rotational factor there is no counterpart, introducing prior information
seems like a promising future direction of work.
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8.3.4 Likelihood-based pose confidence

The flow formulation offers a second route to confidence that diffusion does not offer as
directly, namely reading a likelihood off the generative process itself. Under the usual regularity
conditions, the deterministic ODE used for sampling defines a continuous normalising flow [4],
and the instantaneous change of variables gives

log p1(x1) = log p0(x0) −
∫︂ 1

0
div vθ(t, xt) dt. (8.1)

The same holds on a Riemannian manifold with the divergence taken with respect to the
Riemannian volume [3], which on SO(3) with the bi-invariant metric is the Haar measure of
Section 2.3.1, so the construction is available on M without further choices.

The immediate use is ranking the K generated candidates by conditional log-density, which
needs no additional training and no labelled samples and is therefore directly comparable against
a learned classifier on identical candidate sets.

8.3.5 Rectified Flows

Another natural extension is to apply rectification to SigmaFlow by retraining on endpoint
pairs induced by the learned flow, with the aim of making the marginal transport trajectories
straighter, as described in Liu et al. [14]. This could further improve very low-step sampling
efficiency, but it would be important to test whether these gains are obtained without reducing
the structural diversity that appears to make additional SigmaFlow samples useful.
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Chapter 9

Conclusion

This thesis replaced SigmaDock’s score-based diffusion with Riemannian flow matching while
retaining its fragment representation, architecture, data pipeline and evaluation protocol. The
motivation came from SigmaDock itself: single draws are often poor, yet ranking a candidate set
raises performance substantially. This suggested reallocating inference compute from integration
depth to candidate count.

Simply reducing SigmaDock’s integration steps fails because its sampler collapses at 5 steps.
SigmaFlow remains much more robust. Its individual candidates are generally weaker, but
5-step sampling makes enough additional candidates affordable that final ranked performance
improves at matched wall-clock and network-evaluation budgets on both benchmarks.

The candidate distribution explains why the trade remains useful. SigmaFlow generates
more structural modes per draw, places less mass in its dominant mode and is less concentrated
within modes. Extra draws therefore provide genuinely new alternatives for longer, whereas
SigmaDock saturates earlier. The same distribution carries uncertainty information: largest-
cluster concentration predicts final success with ROC-AUC around 0.78 across both mechanisms.

Generation is still a major failure source on PoseBusters. When a successful candidate does
exist, however, a cluster oracle nearly closes the full pose oracle, showing that most recoverable
ranking error lies between binding modes rather than within the correct one. Learning to select
those modes is therefore the most direct ranking extension.

The conclusions remain limited by the lean training budget and a single training run per
model. Future work should therefore test these findings under the full SigmaDock training
recipe and exploit design freedoms specific to flow matching, particularly informative source
distributions and rectified flows. The generated sample distribution also offers a natural basis
for further uncertainty quantification and for developing cluster-level binding-mode selection,
which may be more effective than ranking individual poses directly.
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